Perfect imaging dynamical systems are classified from the view-point of particle optics and their properties are studied. Examples realizing inversion, translation and rotation are given. § 1. Introduction Perfect imaging systems in optics have recently attracted increasing attention and have been enriched with new examples.l), 2 ) A dynamical system has one more degree of freedom than an optical system, that is, time and energy. Further the path of a charged particle in a magnetic field is not realizable in optical systems.
Perfect imaging systems in optics have recently attracted increasing attention and have been enriched with new examples.l), 2 ) A dynamical system has one more degree of freedom than an optical system, that is, time and energy. Further the path of a charged particle in a magnetic field is not realizable in optical systems.
Hence perfect imaging systems in particle optics display a variety of remarkable properties that have never been realized in optics. In optics the most interesting imaging is a conformal mapping realizable with Maxwell's fish eye for example. The translation and rotation are out of the scope of optical systems. In particle optics these two transformations are realizable by virtue of magnetic fields.
In particle optics it is possible to converge all particles from a source point to an image point irrespective of their initial velocity as well as to make an image of a source describe an energy spectrum.
In § 2 perfect imaging systems are classified according as how the posltlon of an image and the time of travel vary with the particle energy. In § 3 a property of imaging when the Lagrangian involves the time is studied.
A possible imaging is a similar mapping.
In § 4 is shown that the advances of ignorable coordinates are independent of the position of source in perfect imaging. In § 5 is presented a fundamental formula in perfect imaging that the action over a whole cycle is linear in momenta conjugate to ignorable coordinates. In § 6 is given a general dynamical system that is axially symmetric and perfect imaging in plane. There are included Maxwell's fish eye, 3 l Stettler's generalized fish eyes, 2 > Luneberg lens, etc. A remark is added that the period of planetary motion depends solely on the energy of particle.
In § 7 are given examples of systems performing translation and rotation.
The two transformations are realizable in a plane with purely magnetic fields.
In § 8 are added examples of periodic dynamical systems, among which are dynamical systems of constant period irrespective of their energy. A potential such as giving energy levels of hydrogen atom is also given in one dimension. § 2. Classification of . perfect imaging systems An imaging system is called perfect when all the rays or particles starting from a source A converge to an image A', the correspondence A~A' being one-to-one. The imaging thus achieved is called perfect.
Since the time and the energy of particle are indispensable factors in dynamical systems, perfect imaging systems may be classified as follows :
(1) a dynamical system which has the Lagrangian involving the time explicitly and make all particles starting from a point A ( Xp x2 , x 3 ) at the time t converge to a point A' (x/, x/, xa') at the time t 1 , the correspondence (xi> x2 , x 3 , t) ~ (x/, x/, Xg 1 , t') being one-to-one. The imaging here is a similar mapping.
(2) a dynamical system which has the Lagrangian not involving the time explicitly and performs perfect imaging for particles of a de :finite energy.
(3) one which has the Lagrangian not involving the time explicitly and performs perfect imaging for particles of any energy (at least in a :finite range of energy) .
This type is subdivided into three types : (a) a type in which not only the position of an image but the time of travel of a particle from a source to its image do not depend on the energy of the particle, ((3) a type in which not the position of the image but the time of travel depends on the energy, (r) a type in which the position of the image varies with the energy. If there exist the above dynamical systems, that of the type (a) will afford an effective apparatus for the determination of mass-to-charge ratio, that of the type ((3) will be applied to the measurement of the energy of a particle by the time of travel, and that of the type (r) will suggest the construction of an energy spectrograph. § 3.
Properties of perfect imaging systems
We put the Lagrangian of a particle in the euclidian space of 3 dimensions as where (Bp B 2 , B 3 ) may be interpreted as vector potentials, B as the scalar potential of an electromagnetic :field, the mass-to-charge ratio of the particle being taken for unity.
Referring to § § 69, 70 of Caratheodory's Geomestrische Optik/l especially to the equations (69.5), (69.9) we have, for a perfect imaging system of the type (1), a relation 
where sr=oSjoxr, So=oSjot. 
In other words, t 1 depends not on xr but t, that is, t' = t' ( t) .
Comparing both members of (3 · 5) after dividing by ¢0 , we get
The relation (3 · 6) implies Because of the relation above obtained a00
that is, the magnification ratio is a function of t only. The eq. (3 · 7) represent a coordinate transformation combined with a gauge transformation of vector and scalar potentials. The above reasoning reveals a possibility of pure magnification.
The properties of perfect imaging systems of which the Lagrangian does not involve the time explicitly were studied hitherto. 5 l.'') The relations obtained there are The relation (3 · 9) systems of the types (a) the energy of particles. Therefore we have 
where p,., q/ are to be given by (4·4) and (4·7), the relations (4·4), (4·5), (4·7), ( 4 · 9) must be compatible.
Therefore if we eliminate Pr from the first equation of ( 4 · 9) , the two equations must be proportional to each other, for they are both of the second degree in p/. Since Pr =function of qr alone, r = 1, 2, · · ·, n.
We consider the case where each qr of variables is contained in an interval and oscillates cyclically. We define the action J over a whole cycle by (5 ·4) In short, for a perfect imaging and separable dynamical system, the action over a whole cycle is a linear function of the momenta conjugate to ignorable coordinates, its coefficients depending on the energy alone.
The classification of § 2 may be written in terms of J as (2) ]=a linear function of p10 ···, pk for a certain energy h. 
(p) ]=f(h)-a1 p1 -···-akpk, f'(h)#O (r) J=f(h)-Ql(h)pl-···-Qk(h)pk
one of Q/ (h) at least not vanishing, a prime denoting the differentiation with respect to h. § 6. Imaging by the reversible system When the Lagrangian L lacks the term linear in qr, the L is invariant under a transformation t~-t, qr ~-qr. So the equation of motion is also invariant under the transformation. Hence a path reversed in its direction is also another path. Therefore, if A' is an image of A, A is an image of A'. So the imaging repeated twice is an identical mapping. Accordingly the advance repeated twice 2Qr of the coordinate qr must be congruent to 0. Hence Qr must be 0 unless the coordinate qr is a many-valued function of the position of a source. Rotations by an angle other than k1r and translations are not realizable by a reversible system. When the coordinate fJ is ignorable with respect to the polar coordinate in plane, the advance e of tJ must satisfy the condition. 
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We choose the constant a to be the value of r where f(x) is maximum at x=O, assuming that f(x) has a maximum. We put then 
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The imaging is an identical mapping.
The time of travel depends, however, on the energy. This is the only case of type (/1) ever known. In space the potential B(r) = -c/r is realizable electrically. § 7. Imaging by irreversible systems 1) Translations. When the coordinate y is ignorable with respect to a cartesian coordinate in a plane, the Lagrangian and Hamiltonian may be put as
Since y = Pu = p 1s an integral, the action is T=aJjah=2r./f1.
Y is the advance of the coordinate y. The advance as well as the time do not depend on the energy.
This dynamical system is of the type (a), and gives nothing but the field invented by Bleakney-Hipple 7 > for a mass-spectrometer.
The translation is realizable with b (x) only. Dropping off B (x), we have
Changing the variable from x to z by b(x) =z, x=cp(z), further from z to u by z-p =u, we have
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The prime here denotes differentiation. To ensure that 1 be a linear function in p, rp (p) must be quadratic in p. So we can put
Since an additive constant to b (x) is indifferent to the field, the constant {3 may be dropped.
The constant r also may be dropped by the change of the coordinate x.
Hence we get
The advance Y is proportional to the energy. Therefore an energy-spectrum of a charged particle in this magnetic field is a straight line parallel to the y axis. This is an example of the type (r) in § 2.
An example of translation in space is given by a dynamical system with its Hamiltonian There are two integrals :
Hence a1j()q=O, and 1 is linear in p.
Z= -a]/ap= -2najti 2 , T=2njti.
This dynamical system is however not realizable with the electromagnetic field in vacuo.
2) Rotations. A general Lagrangian not involving f) with respect to the polar coordinate in a plane may be put (7. 5) Hence the Hamiltonian and the action become From the Lagrange's theorems) concerning the expansion of inverse function we have so that we get
In order to ensure that J be linear in p for any energy, S0 2 must be quadratic m p.
So we put so2=a(p+f3)212+r.
As in (7 · 4) we may put /3=0 and get
When r=O, the field B(r) = -clr may be added without spoiling the perfect imaging. A dynamical system may be called periodic if all paths of a particle of a certain energy are periodic. So periodic dynamical systems also perform perfect imaging though they are of rather less interest in view of particle optics, since the imaging is an identical mapping.
We show here, however, few examples of periodic dynamical systems as an application of the fundamental formula ( 5 · 5) .
A dynamical system of 1 degree of freedom H=1/2·p}+f(x) has an energy integral p/+2f(x) =2h and the action ·1). The condition ajjap=O gives a relation between rP and IJl. If we require the dynamical system to be periodic for any energy, there must be an identity
rP'(2h-p) =IJl'(p)
for any p and for any h, consequently, both rfl' and IJl' must be constant. Therefore f( x) must be one of the potentials obtained above ( 8 · 2), g ( y) the same or another.
The above process may be applied to other coordinate systems with increasing difficulties.
A thorough list of periodic systems is far from completion. The writer is much obliged to Prof. Miyamoto and the members of his laboratory for suggestions and discussions.
